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The Bruhat and weak orders

We consider the Bruhat and (right) weak orders on &,:

321 321
312 231 312 231
132 213 132‘\ /313
123 123

In the Bruhat ordera<b — ---3---b---<.--b---3---
In the weak ordera< b — ---ab---<g---ba---
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The original middle order

Definition (Inversion sequence)

For o € &, its inversion sequence is I(c) = (i1, ..., in) where

ie=#{ <k|o() >0 (K)}

For example, 1(4317256) = (0,0,2,3,0,0,3). Inversions sequences are in
bijection with permutations, and they are exactly the sequences (i1, ..., in) such
that forall 1 < k< n, 0 < iy < k.

Proposition (BOUVEL, FERRARI and TENNER 2024)

&, ordered by the coordinatewise comparison of inversion sequences is a
distributive lattice.
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The original middle order

The middle order is contained in the Bruhat order and contains the weak order:
c<gT = l(0o)<I(t) = o <7
321 012

002 312 231 011

1

001132 213 010

000 123
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Birkhoff representation theorem

Distributive lattices can be encoded by posets:

Theorem (BIRKHOFF 1937)

Elements of a finite distributive lattice L are in bijection with lower sets of
Irr(L), i.e. the poset of join-irreducible elements of L.
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Our construction

We start by constructing the posets whose ideals are in bijection with
permutations. For this, consider the poset of inversions (7, ) ordered by
(i1, 1) < (i1, 42) if it > iz and ji < jo:
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Pick any minimal element and separate the elements which are above it from

the rest of the poset:
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Our construction

Do the same with another minimal element...

(1,3) (2,4)

1,2) 2,3 G4 (4,5) (5,6) (6,7)




Our construction

...until all minimal elements belong to different connected components.

(1,7)
\
€6 (2,7
/\ /' \
L5 26 (37
1,4) \(2 ) \(3 6 @47
\ \
L3 @249 G5 @46 (67

1,2 2,3) G,4) (4,5) (5,6) 6,7)




Our construction

The minimal elements can be picked in (n — 1)! different ways, but we get only
C,h—1 different partitions of the poset, for they are in bijection with binary trees.
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Bijection between ideals and permutations

Permutations are encoded by their inversion sets, which are characterized by
the property that for all i < j < k:

o (i,jyeland (j,k) el = (i,k) el
o (ibk)el = (i,j)elor(j,k)el
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Figure: The inversion set of 3714625, inside the poset we constructed.
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Bijection between ideals and permutations

Let the inversions fall to the right inside each rectangular poset:
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Bijection between ideals and permutations

Then let the inversions fall to the left:

Letting the inversions fall to the left and then to the right would give the same
result.
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Bijection between ideals and permutations

Lower sets of rectangular posets encode how two subpermutations are shuffled:

L7
(1,6) \(2,7)
15 26 \(3,7)
1,4) \(2, \(3,6) 4,7)
3 (249 5) 4,6)/ }3,7

&5 (6 67

312 3714625 7465

This gives us a bijection between permutations and ideals of Pr.
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Generalized middle orders

When ordering permutations by the inclusion of the corresponding lower sets of
Pr, we endow &, with the structure of a distributive lattice. This lattice
contains the weak order and is contained in the Bruhat order.

4321

RN

3421 4231 4312

2431 3241 3412 4132 4213
1432 2341 2413 3142 3214 _41:
v ol

0
B
.
.

13407 14237 2143 2314 3124

1243 1324 2134
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Proof of the exhaustivity of our construction

To prove that our middle orders are the only distributive lattices between the
weak and Bruhat orders, we consider the edges of the Bruhat order which are
not in the weak order, and how we can add them to make a distributive lattice.
u v (x,u) = (z,w) A (z,x)
| ><| (v, w)
w X [(zw) Az x)]® @y, w)
1| ww—-ww
Y Z (zw) A (z,x) = —(x, u)
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Proof of the exhaustivity of our construction

Edges which can be added are grouped into equivalence classes:

4321

/ ‘ \ 2,233 (2,2,4,3)

3421 4231 4312 (2 24l 4)

2431 3241 3412 4132 4213
\\’ ‘X (313/4/4)

N
1432 2341 2413 3142 3214 4123

/\\
1342 1423 /%143 2314 3124

(1I 1’ 3/ 2)
1243 1324 2134

AP

1234 @139

(1,1,3,3)
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Proof of the exhaustivity of our construction

These equivalence classes are ordered by implications:

TT22 @133 0144 \2233 @244 (3345 (2255) G355 @455

LA DN

2) ,L43) 2133 @LEH\2243) (3249 /2254 (3354 (3255 @355

N s

@142 (1,43 G254 @255

G135 )\ 2253

Forall i <j < k, we have (i,1,k—1,j) & (j,i + 1, n, k).
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Proof of the exhaustivity of our construction

The posets of left and right edges are isomorphic to the poset of irreducible
elements of the lattice of Gelfand-Tsetlin triangles with first line 12...n:

34 1234 1234
1,1,22) (1,1,3,3) (1,144

2
14
1234 1234 1234 1234

1,1,3,2) (1,1,4,3) (2,1,3,3) (2,1,4,4)

N\ NN

1,1,42) 21,43 (31,44 2 13
2 1 1

Ludovic Schwob Middle orders 19 /26



Proof of the exhaustivity of our construction

For all i < j < k < ¥, we have
(L Lk—1,)A(kj+1,m6) < (i,1,—1,j)A(k,i+1,n,0)

which translates on Gelfand-Tsetlin triangles as

Xij =k = Xitivjk = Xjtn—kj = k.
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What about other Coxeter groups ?

Irreducible posets of middle orders on Bs:

7 AR K
AV R

Let (W, S) be a Coxeter group, and W the subgroup of W generated by
J C S. We have the inclusions of orders

(WvéR) - (WJvéR) X (ijgL) C (WJ;S) X (Wng) C (W,S)

where W is the set of minimal elements of cosets in W /W,.
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Minuscule middle orders

If W is a Weyl group, s a minuscule root and J = S\ {s}, the weak and
Bruhat orders on W are distributive lattices, isomorphic to Low(Ps), where Ps
is the upper set of s in the root poset.

Using this we construct minuscule middle orders whose irreducible posets are
partitions of the root poset into minuscule posets.

F W
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Minuscule middle orders

Let P be a finite poset, Fm(P, q) is the polynomial in g giving the graduation
of Low(P x [m]) where [m] is a chain with m elements.

Proposition

Let L be a minuscule middle order on W with irreducibles poset R, we have
m+ro

F}K7€7q):: II }é251447

roo
acdt q

where ro, — 1 is the rank of « in the root poset.

Minuscule middle orders are self-dual, and the number of self-dual ideals of
R x [m] is equal to Fn(R, —1).
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Other middle orders

Middle orders on parabolic quotients of the symmetric group are also in
bijection with binary trees:
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Other middle orders

We can also consider middle orders on affine Coxeter groups.

[-1,9,0,2] [-1,2,9,0] [2,-1,0,9] [5-1,6,0] [-4,2,3,9] [-4,56,3] [5-4,3,6] [3,5-4,6]

(7,0,0,00  (6,1,0,00 %(5.2,0,00 (4,3,0,0%, (51,1,0) (3,2,2,0)
NTAN 7:‘\‘/”&
s = .
7’ RS - - ~ - -

[-1,0,9,2] [-1,2,0,9][5,-1,0,6]
(6,0,0,00 (51,0,0) v\(q' 2,AD, 0)
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THANKS FOR YOUR
ATTENTION !/




