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The Bruhat order and the excedance

relation

The Bruhat order is the poset on the symmetric groupSn whose order
is defined by the exchange of values in increasing order:

a < b =⇒ · · · a · · · b · · · ≤ · · · b · · · a · · ·
In [BG24], Bergeron and Gagnon defined the excedance relation onSn

defined by σ ≡ τ if and only if Epos(σ) = Epos(τ ) and Eval(σ) = Eval(τ ),
where Epos(σ) := {i : i ≤ σi} and Eval(σ) := {σi : i ≤ σi}.
Equivalence classes of ≡ are in bijection with noncrossing partitions:

Cλ := {σ ∈ Sn : Epos(σ) = [n] \ λ− and Eval(σ) = [n] \ λ+}
where λ− (resp. λ+) contains positions of ingoing (resp. outgoing) arcs
of λ.

Bergeron and Gagnon proved that each class Cλ is an interval of the
Bruhat order, and the induced order on these intervals is isomorphic to
the Stanley lattice Dyckn, i.e., the lattice of Dyck paths of length 2n
ordered by inclusion.

The excedance relation on ASMs

An alternating sign matrix (ASM) is a matrix with entries in
{−1, 0, 1}, such that nonzero entries alternate between 1 and −1 and
sum to 1 on each row and column. ASMs of size n form a latticeASMn

which is the Macneille-Dedekind completion of the Bruhat order on Sn.

Proposition.The excedance relation ≡ extends to a lattice congru-
ence of ASMn, where M ≡ M ′ if and only if

∑
k≤i,ℓ≤j Mk,ℓ =∑

k≤i,ℓ≤j M
′
k,ℓ for all 1 ≤ i, j ≤ n such that i− j ∈ {0, 1}.
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The lattice of ASMs

ASMn is a distributive lattice whose join-irreducible elements form a tetrahedral poset Tn. ASMs can be represented
as the boundary between the corresponding lower set of Tn and its complement.

ASMs can then be seen as stackings of rhombic dodecahedra. The vertical projection of this 3D model gives objects
in bijection with ASMs, such as the well-known fully packed loops (left), and new models obtained by recording
peaks and pits (middle), or cliffs (right).

Catalan congruences

The lattice Dyckn is also distributive, and its poset of join-irreducible elements is a triangular poset Dn.
Catalan congruences, i.e., quotients of ASMn isomorphic to Dyckn, are in bijection with:

• Subposets of Tn isomorphic to Dn;

•Catalan triangles of size n− 1, i.e., Gelfand-Tsetlin patterns (Xi,j)1≤i≤j≤n−1 with first row 12 . . . (n− 1) which
are doubly gapless: Xi,j −Xi+1,j ≤ 1 and Xi+1,j+1 −Xi,j ≤ 1 for all 1 ≤ i ≤ j < n− 1;

•Bicolored pipe dreams such that contacts have distinct colors.
<latexit sha1_base64="hhM6ciksbhOrItMtKq8Gn465By0="></latexit>

The number of catalan congruences on ASMn (n ≥ 1) is: 1, 1, 2, 6, 28, 202, 2252, 38756, 1028964, 42127054...
The excedance congruence corresponds to an undulating triangular subposet, or equivalently to a bicolored pipe
dreams with only contacts.

Bases of the Temperley-Lieb algebra

Proposition.Let ≡ be a catalan congruence on ASMn. The maxi-
mal element of each congruence class of ≡ is a covexillary per-
mutation ( i.e., 3412-avoiding).
Each congruence class of ≡ contains a unique minimal permutation
which is 321-avoiding.

The Temperley-Lieb algebra TLn(q) can be defined using this dia-
grammatic description:

It is well-known that TLn(2) is isomorphic to

CSn/ ⟨()− (ij)− (jk)− (ik) + (ijk) + (ikj) | 1 ≤ i < j < k ≤ n⟩ ,
and that 321-avoiding permutations form a basis of this algebra.
We generalize Theorem 5.3 of [BG24] to all catalan congruences:

Theorem.Let ≡ be a catalan congruence on ASMn. Any choice of
representative permutations in the congruence classes of ≡ forms a
basis of TLn(2).

Posets Pn/Sn

We consider the set Pn/Sn of tuples of Pn up to permutation, ordered
by x̄ ≤ ȳ if there exists x ∈ x̄ and y ∈ ȳ such that x ≤ y coordinate-
wise.
ASMn, Dyckn and Catn are all isomorphic to Low(Pn−2/Sn−2) for
some poset P . Other examples include notably the lattice of TSSCPPs,
and lattices of Gelfand-Tsetlin triangles, generalizing a result of [Str11].

Elements of P/Sn can be represented by barycentric coordinates
(|x|p)p∈P, where |x|p is the number of of occurences of p in x. We
have x ≤ y in Pn/Sn if and only if

∑
p∈U |x|p ≤

∑
p∈U |y|p for all

upper sets U of P .


