Middle orders : all distributive lattices between weak and

Bruhat orders

Ludovic Schwob

LIGM, Université Gustave Eiffel

Séminaire ADA, Calais, October 23, 2025

Ludovic Schwob 1/53



Posets and lattices

A poset is a set endowed with a partial order relation <.

A lattice is a poset such that for all pairs x, y: there exists:
@ a smallest element x V y such that x < xV y and y < x V y (the join);
@ a biggest element x A y such that x Ay < x and x Ay <y (the meet).

In particular finite lattices have a minimal and a maximal element.
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Posets and lattices

A lower set (or order ideal) of a poset P is a subset X C P such that
VvxeX, y<x = yelX.

A join-irreducible element of a lattice LL is an element covering only one
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Distributive lattices

A lattice is distributive if the operations V and A distribute over each other:
xA(yVz)=(xAy)V(xAz) xV(yANz)=(xVy)A(xVz)

Distributive lattices can be encoded nicely by smaller posets:

Theorem (BIRKHOFF 1937)

Elements of a finite distributive lattice IL are in bijection with lower sets of
Irr(IL), i.e. the poset of join-irreducible elements of L.
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Distributive lattices

A lattice is distributive if the operations V and A distribute over each other:
xA(yVz)=(xAy)V(xAz) xV(yANz)=(xVy)A(xVz)

Distributive lattices can be encoded nicely by smaller posets:

Theorem (BIRKHOFF 1937)

Elements of a finite distributive lattice IL are in bijection with lower sets of
Irr(IL), i.e. the poset of join-irreducible elements of L.
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Distributive lattices

Many operations on distributive lattices translate nicely on their posets of
irreducible elements:

@ product of lattices <= disjoint union of posets;
@ quotients of lattice L <= subposets of Irr(L);
@ sublattices of L <= refinements of Irr(L).

Distributive lattices are great.
Be more distributive.
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The (strong) Bruhat order

Definition (Bruhat order)

Let 0,7 € &,. We let 0 < 7 if o can be obtained from T by exchanging two of
its values, and if {(o) < £(7). We then define the Bruhat order on G, as the
transitive closure of this relation, i.e. o < 7 if there exists uo, ..., u; € &, such
thato=u < wy < ..<u =r.
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The weak (Bruhat) order

Definition (Weak order)

Let 0,7 € &,. We let 0 <g 7 if 0 can be obtained from T by exchanging two
adjacent values, and if {(0) < £(7). We then define the (right) weak order on
&, as the transitive closure of this relation.

The weak order on &, is a lattice (non distributive for n > 3).
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The original middle order

Definition (Inversion sequence)

For o € &, its inversion sequence is I(c) = (i1, ..., in) where
ie=#4 <ilo ') >a ()}

For example, /(4317256) = (0,0,2,3,0,0,3). Inversions sequences are in
bijection with permutations, and they are exactly the sequences (i, ..., in) such
that forall 1 < k <n, 0 < ix < k.
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The original middle order

Proposition (BOUVEL, FERRARI and TENNER 2024)

&, ordered by the coordinatewise comparison of inversion sequences is a
distributive lattice.

Proposition (BOUVEL, FERRARI and TENNER 2024)

The middle order is contained in the Bruhat order and contains the weak order:

c<rT = Il(0)<I(1) = o<
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What about other middle orders ?

For n = 3, the exists another distributive lattice between the weak and Bruhat
orders on &,:

321 321
AN AN
312 231 312 231
132 213 132 213
123 123

For n = 4, there are 5 of them, whose posets of irreducible elements are:
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What about other middle orders ?

Computer explorations show there exists 1,2,5, 14... middle orders on &, for
n=12234..

How can we construct these middle orders ? Why are they counted by Catalan
numbers 7 To explain this:

@ We first construct irreducible posets of middle orders;
@ We find a bijection between permutations and ideals of these posets.
@ We then show these lattices are between the weak and Bruhat orders.

We will eventually show the middle orders we have constructed are the only
distributive lattices between the weak and Bruhat orders.
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Our construction

We start by constructing the posets whose ideals will be in bijection with
permutations. For this, consider the poset of pairs (/, ) ordered by
(i1, 1) < (i2,2) if it > iz and ji < jo:

SVAVAVAN
/(1, 3) 2,4) 3,5) 4, 6) (5,7)
(1,2) (2,3) 3,4 4,5) (5,6) 6,7)

(This poset is the root poset of the Coxeter group A,, more on it later)
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Pick any minimal element and separate the elements which are above it from

the rest of the poset:
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Our construction

Do the same with another minimal element...

(1,3) (2,4)

1,2) 2,3 G4 (4,5) (5,6) (6,7)




Our construction

...until all minimal elements belong to different connected components.

(1,7)
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Our construction

The minimal elements can be picked in (n — 1)! different ways, but we get only
C,—1 different rectangulations of the poset, for they are in bijection with
permutations avoiding the pattern 231.
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Our construction

The minimal elements can be picked in (n — 1)! different ways, but we get only
C,—1 different rectangulations of the poset, for they are in bijection with
permutations avoiding the pattern 231 (and with binary trees).
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Bijection between ideals and permutations

We want to find a bijection between permutations and ideals of a given
rectangulation. For this we consider inversion sets of permutations:

N(o) = {(i,j):1<i<j<no '(i)>o ()}

Here is the inversion set of the permutation 3714625:
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Bijection between ideals and permutations

Note that the weak order is obtained by ordering permutations by the inclusion
of their inversion sets:

o0 <rT <= N(o) C N(7)

Inversion sets are characterized by the property that for all i < j < k:
o (i,j)eland (j,k)el = (i,k) e,
o (i,kyel = (i,j)€lor(jk)el.
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Bijection between ideals and permutations

To turn the inversion set into an ideal, we let the inversions fall to the right
inside each rectangular poset.
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Bijection between ideals and permutations

Then let the inversions fall to the left:

Letting the inversions fall to the left and then to the right would give the same
result.
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Bijection between ideals and permutations

Ideals of rectangular posets encode how two subpermutations are shuffled:

L7
\
€Le 27
\ /' \
€5 @26 37
N/ N\
L4y @ (3,6) (47)
o
3 (249 5 (46 (57

&5 (6 67

312 3714625 7465

This gives us a bijection between permutations and ideals of the poset.
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Generalized middle orders

When ordering permutations by the inclusion of the corresponding ideals, we
endow &, with the structure of a distributive lattice. This lattice contains the
weak order and is contained in the Bruhat order.

4321

3421 4231 4312

2431 3241 3412 4132 4213
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_____ 4

1347 1423 2143 2314 3124

1243 1324 2134
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Generalized middle orders

Proposition

Let I be a middle order obtained from a rectangulation R. We have o <7 in L
if o and T differ by a transposition (a, b) and for all 0=*(a) < k < o= *(b),
k & {i,...,j} where (i,)) is the maximal element of the rectangle containing

(a,b) in R.
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Back to the original middle order

The original middle order can be obtained with this rectangulation:

1,2) 2,3) (3,4) (4,5) (5,6) 6,7)
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Back to the original middle order

Inversion sequences give the number of inversions in each chain:

6)
1,2 B4 45 h

1(3714625) = (0,0,2,1,0,2,5)
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Proof of the exhaustivity of our construction

We now want to prove that our middle orders are the only distributive lattices
between the weak and Bruhat orders.

For this we consider the edges of the Bruhat order which are not in the weak
order, and how we can add them to make a distributive lattice.

Let I be a distributive lattice and x,y,z € L. If y and z cover x in L, then

there exists a unique w € L covering y and z (If y and z are covered by w,
then there exists a unique x covered by y and z).

%) w w w’
N N
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Proof of the exhaustivity of our construction

There are implication relations between edges. For example (2143, 3142)
implies (2134, 3124):

4321

YR

3421 4231 4312
2431//1;24%412%41'3;\\4213
1432 2341 2413 3142 3214 4123
1342 1423 2143 2314 3124

1243 1324 2134

1234
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Proof of the exhaustivity of our construction

There are also equivalence relations between edges. For example (3214,4213)
and (3124, 4123) are equivalent:

4321

YR

2431 3241 3412 4132 4213
N
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Proof of the exhaustivity of our construction

For some pairs of edges, exactly one must appear. For example one of the
edges (4132,4231) and (4213,4312) must appear:

4321

71N

3421 4231 4312

P S
2431 3241 3412 4132 4213
1432 2341 2413 3142 3214 4123
1342 1423 2143 2314 3124
1243 1324 2134

AP
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Proof of the exhaustivity of our construction

Finally, we have relations of the form

(1324,1423) A (1324,2314) <= (1423,2413) A (2314, 2413).
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Proof of the exhaustivity of our construction

We describe equivalence classes of edges of the Bruhat order:

Definition

Letl1<i<a<b<j<n. (aij,Db) is the set of edges (v, w) of (&,, <) such
that w = v o (a, b) and {i, ..., j} is the biggest interval containing {a, ..., b}
whose values are not between a and b in v (and w).

For example if v = 142653 and w = 152643, the edge (v, w) is in (4,3,5,5).
If (v,w) € (a,i,j,b) with i =1 and j = n, (v, w) is an edge of the weak order
since no value lies between a and b.

Proposition

Let E be the set of edges of a middle order, 1 < i < a< b<j<n, and
(vi,m1), (v2, w2) € (a,i,j, b). We have (vi,w1) € E if and only if (v2,w) € E.
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Proof of the exhaustivity of our construction

4321

/1\ (2,2,3,3) (2,2,4,3)

3421 4231 4312 (2,2,4,4)

PSRN
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Proof of the exhaustivity of our construction

These equivalence classes are ordered by implications: if a1 < a2, i1 > o, i1 < jo
and b; > bp, then we have

[(al,il,j17b1) C E] — [(ag, i, j2, b2) C E] .

1122 0133 GL49H ©233) 2249 3349 2255 @355 &45

AN NN\NY

CT4% 2243 (3249 2254 (335 55 &3

NNXXXAZ

T142) (@143 (BLi% (2253 (254 @255
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Proof of the exhaustivity of our construction

We distinguish two types of equivalence classes of edges, left edges and right
edges:

TL22 @133 0149 \2233 @249 (3345 (2255) G355 4455

NN NN

< 2133 @145 G354 3255 &355)

T 142 (2143)

3,1,4,4) (2,2,5,3) 3,2,54) 4,2,5,5)

For all i < j < k, we have (i,1,k —1,j) € Eif and only if (j,i+1,n,k) ¢ E.
This means that if we know the left edges of a middle order, we also know its
right edges and conversely.
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Proof of the exhaustivity of our construction

The posets of left and right edges are isomorphic to the poset of irreducible
elements of the lattice of Gelfand-Tsetlin triangles with first row 12...n — 1:

34 1234 1234
1,1,22) (1,1,3,3) (1,1,44) 133

33 11244
M 2 /3\ 4\
1234 1234 1234 1234
124

(1,1,3,2) (1,1,4,3) 2,1,3,3) (2,1,4,4)

VAL NINE

1,1,42) (2,1,43) (31,449 2

This means that sets of left (or right) edges satistfying implication relations are
in bijection with Gelfand-Tsetlin triangles.
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Proof of the exhaustivity of our construction

Sets of left (or right) edges satistfying implication relations are in bijection with
Gelfand-Tsetlin triangles with first row 12...n — 1:

1,1,2,2), 123
1,1,3,2), 23
1,1,3,3), 3
0133 / 7\
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Proof of the exhaustivity of our construction

For all i < j < k < £, we have

(1L, k=1L )N (kj+1,n0) < (i,1,L—1,j)A(k,i+1,n,0)
which translates on Gelfand-Tsetlin triangles as
Xij =k = Xiti—jk = Xjtn—k,j = k.

This means that entries of (X; ;) of the same value form parallelograms.
Triangles with this property are in bijection with binary trees:

1234567389
124457838
14447838
1444838
144838
1488
1838
18
1
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Proof of the exhaustivity of our construction

Hence there are C,_; triangles with this property, and the induced order on
these triangles is the Tamari lattice!
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Proof of the exhaustivity of our construction

A small summary of our main result:

@ We constructed C,_; distributive lattices between the weak and Bruhat
orders on G,;

@ We described equivalence classes of edges of the Bruhat order and
implications between them;

@ We used this to show there are at most C,_; distributive lattices between
the weak and Bruhat orders on &,,.

In conclusion, we have constructed all distributive lattices between the weak
and Bruhat orders on &,,.
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What about other Coxeter groups?

The symmetric groups are generalized by Coxeter groups, i.e. groups with a
presentation (s, sy, ...,sa | (sis;))™ = 1), where mj = mj, mj =1 and m; > 2
if i .

Coxeter groups can be represented by their Coxeter diagrams, i.e. graphs whose
vertices are generators, and whose edges give the order of the product of two
generators.

Ay O - =g F, o—t—o—s

~ 4 G2 &
B, =C, ot .. gume

H; o—ogo
b, el .
H, omgme=—e

6, L7, Ly CumGuu@m r 12(7’1) &
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What about other Coxeter groups?

Let £(u) be the length of any reduced expression u = sj, - - - sj,. The weak and
Bruhat orders are defined as the transitive closures of the following relations:

o u <g v if there exists s € S such that us = v and £(u) < £(v);
o u < v if a reduced expression u is a subword of a reduced expression of v.

Here are the weak and Bruhat orders on Bs:

51525251 = 52515251
2 X
515251 525152
t t
Slszxszsl
t > ¢
S1 S»

'\1/'
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What about other Coxeter groups?

Here are the posets of irreducible elements of the middle orders on Bs:

LR R
A8 G

It seems difficult to classify all middle orders on Coxeter groups of other types.
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What about other Coxeter groups?

Let (W, S) be a Coxeter group, and W, the subgroup of W generated by
J C S. We have the inclusions of orders

(W, <g) C (Wy,<g) x (W’,<1) C (W), <) x (W, <) (W, ).
where W is the set of minimal elements of cosets in W/w,.

4321
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What about other Coxeter groups?

Since (W, <g) C (W), <g) x (W, <) C (W), <) x (W, <) C (W, <), if we
have middle orders on W, and W, their product is isomorphic to a middle
order on W:

4321

71N

4312 4231 3421

7t X X1\

4132 4213 3412 2431 3241

IX XI1X X7\

4123 1432 2413 3142 2341 3214

\ /X XIX X/

1423 1342 2143 3124 2314

NtX Xt/
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Minuscule middle orders

For some Coxeter groups W and J C S, the weak and Bruhat orders on W”’
coincide and are distributive lattices. It is the case when W is a Weyl group
and J = S\ {s} where s a minuscule root:

A, Oo=0=@ - -@=@ [, .-.-r.-.
B, O—o—o- b0 E, .—o—o—l—o—o
C, —t—e- 040 Eg o—o—o—o—l—.—o
D, .—.—.-.< [, e .4.. e G, ._é_.
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Minuscule middle orders

If W is a Weyl group, s a minuscule root and J = S\ {s}, the weak and
Bruhat orders on W are isomorphic to Low(Ps), where Ps is the upper set of
as in the root poset.

(The root poset generalizes the triangular poset we used for &,.)

An example of a quotient of W = Eg by J =S\ {s}:
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Minuscule middle orders

By recursingly quotient by W, where J = S\ {s} and s is a minuscule root, we
construct minuscule middle orders whose irreducible posets are partitions of the
root poset into minuscule posets Ps.

F W
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Minuscule middle orders

Let P be a finite poset, Fm(P, q) is the polynomial in g giving the graduation
of Low(P x [m]) where [m] is a chain with m elements.
(Fm(P, 1) gives the number of multichains of Low(P) with m elements.)

Proposition

Let L be a minuscule middle order on W with irreducibles poset R, we have
m+re

Fo(R.a) = [] %

Too
acdt q

where ro, — 1 is the rank of « in the root poset.

Minuscule middle orders are self-dual, and the number of self-dual ideals of
R x [m] is equal to Fn(R, —1).
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Perspectives

We constructed a bijection between inversion sets of permutations and ideals of
rectangulations of the root poset. What are the inversion sets which are also
ideals of a given rectangulation ?

z@@’. 27,

@ They are counted by Catalan numbers;

@ When ordered by inclusion, they form a semidistributive and extremal
lattice;

@ This lattice is (conjecturally) the 1-skeleton of a polytope.

Ludovic Schwob 51/53



Perspectives

This can be generalized to minuscule middle orders of other types!
5152535251

515253515251

535152535251
/ ><52535251 / \
§352539251 5$35253515253515251

§3515251 $7535251 5351575351501

5253515253515251

515251 ®——35,8; $28359

5352 \

5351 53525352

\/
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